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We derive a new criterion for transversal instability of planar fronts based on the
bifurcation condition dVf/dK|K¼0 ¼ 0, where Vf and K are the front velocity and its
curvature, respectively. This refines our previously obtained condition, which was for-
mulated as a ¼ (DTadPeT)/(DTmPeC)[ 1 to a[ 1 þ |d|, where DTad and DTm are the
adiabatic and maximal temperature rise, respectively, PeC and PeT are the axial mass
and the heat Pe numbers, respectively, and d is a small parameter. The criterion is
based on approximate relations for DTm and Vf, which account for the local curvature
of a propagating front in a packed bed reactor with a first-order activated kinetics.
The obtained relations are verified by linear stability analysis of planar fronts. Simula-
tions of a simplified 2D model in the form of a thin cylindrical shell are in good
agreement with the critical parameters predicted by dispersion relations. Three types
of patterns were detected in simulations: ‘‘frozen’’ multiwave patterns, spinning waves,
and complex rotating–oscillating patterns. We map bifurcation diagrams showing
domains of different modes using the shell radius as the bifurcation parameter. The
possible translation of the 2D cylindrical shell model results to the 3D case is
discussed. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 735–748, 2011
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Introduction

Heterogeneous catalysts are extensively used in the chemi-
cal and petrochemical industry and for pollution abatement
purposes. It is usually assumed that the temperature and con-
centrations of the reactants at any transversal cross section
of an adiabatic packed-bed reactor are uniform. However,
various industrial and laboratory experimental observations
revealed formation of nonuniform temperature in the reactor
cross section. Such patterns may pose severe safety hazards

by altering the wall strength and inducing cracks. Ignoring
such patterns in design and simulations may lead to errone-
ous results. Understanding which kinetics may lead to spatio-
temporal pattern formation is essential for the development
of design and control strategies that circumvent them.

Symmetry-breaking leading to either spatial and/or spatio-
temporal pattern formation has been observed in many bio-
logical, physiological, chemical, and electro-chemical sys-
tems1–8 governed by the interaction of diffusion and reaction
processes. Majority of the studies of pattern formation in
chemically reacting systems are of homogeneous systems.
Pattern formation in heterogeneous catalytic and electro-
chemical systems, like wires, pellets, and packed bed reac-
tors has been known for 20 years. Recent reviews of the
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dynamics, and patterns of single catalytic wires, pellets, and
reactors have been presented by Luss9 and Luss and Shein-
tuch10 and of electrochemical systems by Kiss and Hudson11

and Krischer.12 The current knowledge and understanding
about the formation of transversal temperature patterns has
been reviewed by Viswanathan et al.13

The obtained results are kinetics-dependent14 and in the
present study we focus on kinetics that admits multiple
steady state solutions, with one or two stable states (i.e., a
non-oscillatory case). Transversal instabilities of planar
fronts in reaction-diffusion (RD) systems are known to
emerge if the ratio of the diffusion coefficients of the inhib-
itor to the activator exceeds a certain critical value (an
extension of the Turing mechanism1 for an inhomogeneous
steady states). The mechanism of transversal pattern forma-
tion in reaction-diffusion-advection (RDA) systems is simi-
lar. So, we consider first the relevant studies of the RD sys-
tem, which was intensively investigated before the RDA
systems.

For a thermokinetic homogeneous (noncatalytic, Le ¼ 1)
reaction-diffusion (RD) system with temperature (T) and
concentrations (Ci) as its state variables the diffusive insta-
bility was analyzed in a pioneering work of Sivashinsky15

showing the bifurcation condition to be k/qCpDi \ 1, where
k and Di are the thermal conductivity and the species diffu-
sivities, respectively. For an autocatalytic isothermal RD sys-
tem with cubic kinetics, the critical condition was shown16,17

to be Dact/Dinh \ 0.435, where Dact and Dinh are the diffusiv-
ities of an activator and an inhibitor, respectively. This was
verified numerically in a series of studies.18–23

For RDA systems, only few studies are available in the
literature including our recent analytical study of transversal
instability in a PBR24 (see below), and several numerical
studies using either a PBR model25,26 or an isothermal auto-
catalytic reactor.27 We review these results to explain the
improved condition derived here. Several analytical results
are available for a generic pseudo-homogeneous PBR model
that accounts for a single exothermic reaction with Arrhenius
kinetics and is described by temperature (T) and limiting
species concentration (C) as its state variables. For a 1D sys-
tem, such kinetics predicts, within an appropriate domain of
parameters and proper initial conditions, a stable reaction
front propagating with a constant form and a constant veloc-
ity (i.e., ‘‘frozen’’ in a moving coordinate).

The maximal temperature rise over the ‘‘ideal’’ front (DTm
¼ Tmx � Tin, or in the dimensionless form ym, see notations
below) is related to the front velocity (Vf) like

28:

ym ¼ B
1� Vf

1� LeVf

; or Vf ¼ ym � B

Leym � B
; (1)

where B is the adiabatic temperature rise and Le is the Lewis
number (the dimensionless heat capacity, see below). An
inspection of Eq. 1 shows that (i) in a stationary front the
maximal temperature rise is equal to the adiabatic one, i.e., ym
¼ B, (ii) in a downstream propagating front the velocity Vf

([0) cannot exceed the thermal front velocity Vth ¼ 1/Le,
which corresponds to an infinitely large ym, (iii) in an
upstream propagating front Vf (\0) can formally decrease
indefinitely whereas the temperature (ym) is bounded by a
limit value (B/Le) , i.e.,

�1\Vf \Vth; B=Le\ ym \1 (2)

Note that relations (1 and 2) are valid with any values of
axial PeT and PeC, assuming that conversion at the reactor
exit is complete.

To determine ym and Vf separately, an approximate rela-
tion has been derived in Reference 29 and 30 for the limit-
ing case of negligible mass dispersion (PeC ! 1), which
in the dimensionless form (see below) can be written as
following:

Fðym;VfÞEðymÞ ¼ b; (3)

where

Fðym;VfÞ ¼ Daym

BPeTð1� VfÞ2
; EðymÞ ¼ exp

ym
1þ ym=c

� �
;

b ¼ ym

ð1þ ym=cÞ2
(4)

For finite PeC this relation was recently extended by us31

yielding:

log 1þ 2aFðym;VfÞEðymÞ½ � ¼ 2ab
1þ a

; a ¼ BPeT
ymPeC

(5)

The obtained approximation (5) was shown to be in a
good agreement with direct simulations results for PeC �
PeT, whereas the agreement becomes poorer with decreasing
the PeC/PeT ratio.

In our recently published study,24 we conducted a linear
stability analysis of an ideal planar front in a homogeneous
thermokinetic model of a PBR and derived an approximate
criterion of transversal symmetry breaking to be

a > 1 or PeT?=PeC? > ym=B (6)

This condition imposes a restriction on the ratio of the
mass to heat transfer coefficients. As for realistic conditions
PeC\ [ PeT\ and assuming that the ratio of the mass to
heat dispersivities in the axial and transversal directions are
equal (PeC\/PeT\ ¼ PeC/PeT), condition (6) can be satisfied
only in an upstream propagating front (ym \ B), and in the
case of stationary fronts (ym ¼ B) is reduced to PeC \ PeT,
which coincides with the bifurcation condition derived for a
simplified shallow reactor (RD) model.32

Several reported studies focused on numerical analysis of
transversal instabilities of planar fronts25–27: In one of the
first studies of the subject, Balakotaiah et al.25 using a three-
variable (two species and temperature) model with Lang-
muir-Hinshelwood kinetics, simulated stationary (nonrotat-
ing) transversal patterns with

PeT?=PeC? > 2

Note that this condition is more restrictive than condition
(6) and cannot be satisfied for a feasible operating domain.

Direct numerical simulations of a simplified 2D cylindri-
cal shell model24 for a set of parameters just above the bifur-
cation condition (6) showed formation of stable nonrotating
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transversal patterns on a shell of large radius (R [ L); with
reasonable R \ L transversal patterns can be excited but
were found to relax to planar fronts after long time.33 These
results suggest to refine the bifurcation condition (6) and to
elucidate the role of the reactor radius on the pattern selec-
tion. In the present study, we propose a new criterion of
transversal instability in PBRs using an alternative approach.
This new approach is based on the analysis of the depend-
ence of the velocity of the curvilinear front (VC

f ) on the front
curvature (K) using a critical condition for bifurcation

dVC
f

dK
jK¼0 ¼ 0 (7)

For that purpose, we derive approximate relations for the
propagation velocity and the maximal temperature rise of a
curvilinear front in a PBR assuming equal dispersivities of
heat and mass in the axial and transversal directions, i.e.,
PeC ¼ PeC\, and PeT ¼ PeT\.

The new criterion and criterion (6) are verified by compar-
ison with the linear stability analysis (LSA) results. The
LSA of a numerically obtained 1D front solution allows to
formulate the relevant matrix eigenvalue problem and to
construct the dispersion curves showing the dependence of
the maximal growth rate (r) on the spatial wave number (k).
The limiting (maximal) wave number klim with zero eigen-
value allows, in turn, to find the corresponding minimal sys-
tem width Slim (in the direction normal to the front propaga-
tion or Rlim for a cylindrical shell model), which can sustain
transversal perturbations. In systems of sufficiently large S
multiwave patterns with the dominant wave length corre-
sponding to fastest growing waves are expected. The transi-
tion behavior between a one-wave and a two-wave struc-
tures, and similar transitions at higher S are not clear. We
have recently found34 formation of rotating patterns in these
transitions for both RDA and RD systems and we pursue
this issue in the present study.

The structure of this article is as follows: in the next section
we present a 3D PBR model, a 1D planar front solution, the
linear stability analysis and derive a criterion of transversal
instability of planar fronts. Direct numerical simulation of the
2D cylindrical shell reactor model which is the simplest 2D
geometry that can capture both rotating and nonrotating pat-
terns of the 3D model are presented in the third section. We
map bifurcation diagrams showing domains of different
modes (the generic one- and two-wave ‘‘frozen’’ inhomogene-
ous front solutions and rigid one-wave rotating patterns in the
gaps between them) using the shell radius as a bifurcation pa-
rameter. A good agreement between the critical parameters
predicted by the LSA and by simulations was obtained. In
concluding remarks, we address both the practical and the sci-
entific novelty of the obtained results and also consider a
point for future investigation: an extension of the 2D cylindri-
cal shell model results to predict the realistic 3D patterns.

Reactor Model and a Planar Front

Problem statement

We analyze pattern formation for the generic pseudo-ho-
mogeneous model of a fixed bed reactor catalyzing a first

order reaction of Arrhenius-kinetics. In the adiabatic case
assuming noncatalytic reactor walls, the balance equations
may be written in the following dimensionless form:

@x

@s
þ @x

@n
� 1

PeC

@2x

@n2
� 1

PeC?
r2

?x ¼ ð1� xÞf ðyÞ (8)

Le
@y

@s
þ @y

@n
� 1

PeT

@2y

@n2
� 1

PeT?
r2

?y ¼ Bð1� xÞf ðyÞ; (9)

f ðyÞ ¼ Da exp
cy

cþ y

� �
(10)

n ¼ 0;
1

PeC

@x

@n
¼ x;

1

PeT

@y

@n
¼ y; n ¼ �L;

@x

@n
¼ 0;

@x

@n
¼ 0: (11)

r ¼ 1; @x=@r ¼ 0; @y=@r ¼ 0

Here, conventional notation is used:

x ¼ 1� Ck

Ck
in

; y ¼ c
T � Tin
Tin

; n ¼ z

z0
; s ¼ tu

z0
; ~R ¼ R

z0

c ¼ Ea

RgTin
; DTad ¼ ð�DHÞCk

in

ðqCpÞf
B ¼ c

DTad
Tin

;

Da ¼ z0
u
A expð�cÞ; Le ¼ ðqcpÞe

ðqcpÞf
;

PeT ¼ ðqcpÞfz0u
ke

; PeT? ¼ PeT
ke
ke?

; PeC ¼ z0u

eDf

;

PeC? ¼ PeC
Df

Df?
;

Below we consider a case of equal transport coefficients
in the axial and transversal directions, i.e., PeT\ ¼ PeT,
PeC\ ¼ PeC (but PeT = PeC).

Planar front and its linear stability analysis

The 1D planar front solution is governed by system (8-11)
with omitted transversal gradients. Simulations of a suffi-
ciently long region (L � 1) revealed after a certain transient
process formation of a sharp front (the temperature increases
from 0.01 ym up to 0.99 ym within domain Dn ^ 0.025)
propagating with a constant velocity Vf and a practically
‘‘frozen’’ form [x1D(f),y1D(f)] in a moving coordinate system
f ¼ n � Vfs, which obeys:

ð1� LeVfÞy01D � 1

PeT
y001D ¼ Bð1� x1DÞf ðy1DÞ (12)

ð1� VfÞx01D � 1

PeC
x001D ¼ ð1� x1DÞf ðy1DÞ (13)

The boundary conditions effect becomes insignificant at
distance f ^ 0.2 before the front, where the dimensionless
temperature and concentrations do not exceed 10�8 using
BC’s (11). So, the simulations in a moving frame were con-
ducted with the Danckwerts BC (11) and we verified, that
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the length L is sufficiently long to neglect the BC effect.
[Using the Dirichlet conditions (y(0) ¼ x(0) ¼ 0) practically
leads to the same results but appears to be more stiff and
can prevent transversal symmetry breaking].

The linear stability analysis of the planar front with respect
to transversal perturbations is conducted in a standard way
assuming that the perturbed solution can be presented as

xðf;/; sÞ ¼ x1DðfÞ þ ~xðfÞersþik/;

yðf;/; sÞ ¼ y1DðfÞ þ ~yðfÞersþik/; (14)

where ~xðfÞ and ~yðfÞ are small perturbations, r is the growth
rate, and k is the spatial wave number. Such an approach
allows to determine in a 2D problem a continuous spectrum of
the spatial wave number k for an unbounded (in the transversal
direction) planar domain and a critical shell (actually ring)
radius corresponding to the first mode (R1

ring ¼ 1/k) for the
cylindrical shell model.

Substituting relations (14) into linearized system (8–9)
while accounting for Eqs. 12 and 13 we obtain the following
system

r~x ¼ �ð1� VfÞ~x0 þ 1

PeC
~x00 þ f 0x �

k2

PeC

� �
~xþ f 0y~y (15)

Ler~y ¼ �ð1� LeVfÞ~y0 þ 1

PeT
~y00 þ Bf 0y �

k2

PeT

� �
~yþ Bf 0x~x

(16)

Equations 15 and 16 using finite-difference approxima-
tions of differential operators can be converted for each 1D
solution preliminary defined on N spatial points into a (2N �
2N) eigenvalue matrix problem. The latter can be solved
numerically yielding the largest eigenvalue r for each given
k . Similar procedure was applied in the previous studies of
the RDA25–27 and RD18–21 systems.

Criterion of the planar front instability

Assuming that the curvature radius Rc ¼ 1/K (K is the
local curvature) is much larger than the front width, one can
introduce a local polar coordinate system (q, y) with

@

@f2
¼ @2

@q2
þ K

@

@q

Then, the balance Eqs. 12 and 13 may be rewritten in the
following form:

1� LeVf � K

PeT

� �
y0 � 1

PeT
y00 ¼ Bð1� xÞf ðyÞ (17)

1� Vf � K

PeC

� �
x0 � 1

PeC
x00 ¼ ð1� xÞf ðyÞ (18)

where primes denote derivatives with respect to q, whereas the
boundary conditions for an ‘‘ideal’’ front take a form:

q ! 0; x ¼ 0; y ¼ 0; x0 ¼ 0; y0 ¼ 0; q ! 1; x ¼ 1;

y ¼ ym; x0 ¼ 0; y0 ¼ 0 (19)

Combining Eqs. 17 and 18 results in:

1� LeVf � K

PeT

� �
y0 � B 1� Vf � K

PeC

� �
x0 � 1

PeT
y00

þ B

PeC
x00 ¼ 0 (20)

Integrating this equation while accounting for BC yields:

ym ¼ B
1� Vf � K=PeC
1� LeVf � K=PeT

or

Vf ¼ ymð1� K=PeTÞ � Bð1� K=PeCÞ
Leym � B

; (21)

which differ from the appropriate relations for a planar front
(Eq. 1) by additional terms accounting for finite K.

To derive an additional relation between Vf and ym we use
an approach developed in our study of a planar front charac-
teristics with a finite mass dispersion,31 which in turn, fol-
lows the previous studies of Kiselev and Matros.29,30 This
approach (see Appendix A) results in the following approxi-
mate relation:

2ab
1þ a

¼ log½1þ 2a ~Fðym;Vf ;KÞEðymÞ�; (22)

~Fðym;Vf ;KÞ ¼ Daym

BPeTð1� Vf � K=PeCÞ2
;

where b and E(ym) are defined by relations (4), whereas
function ~Fðym;Vf ;KÞ is reduced to function F(ym,Vf) (4) with
K ¼ 0 . The bifurcation condition of symmetry breaking of a
planar front can be formulated as

dVf

dK
jK¼0 ¼ 0 (23)

Using the algebraic system composed of the latter of rela-
tions (21) and Eq. 22 we obtained (see Appendix B, Eq. 55)
the following necessary condition for symmetry breaking:

U ¼ 1

G� 1
ð1� d� aÞ > 0; (24)

where

d ¼ G
PeTðLeym � BÞ

PeCym
;

G ¼ 2Fðym;VfÞEðymÞB
½1þ 2aFðym;Vf ÞEðymÞ�ðLeym � BÞCb ;

C ¼ � 1

ð1þ aÞ2 þ
1� ym=c

ð1þ aÞð1þ ym=cÞ

� Fðym;VfÞEðymÞ
1þ 2aFðym;VfÞEðymÞ ; (25)

Recall that Leym � B [ 0 following conditions (2) and so
sgn(G) and sgn(C) coincide. Although we are unable to ana-
lyze condition (24) in its general form, several useful obser-
vation can be obtained:
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• In the limiting case with a ! 0, (PeC ! 1) we have C\
0, G\ 0 and condition (24) cannot be satisfied, i.e., the planar
front solution is stable in the case of negligible mass dispersion.
• For moderate a, accounting for F(ym,Vf)E(ym) � 1,

expression for C can be reduced to:

C ’ 1

1þ a
1� ym=c
1þ ym=c

� 1

1þ a
� 1þ a

2a

� �

The sum of the last two terms in the square brackets is
\1 with 0\ a\ 1þ ffiffiffi

2
p

yielding C \ 0 (G \ 0). An
inspection of Eq. 24 shows that with negative G (and thus,
with negative d) condition a [ 1 þ |d| is sufficient to ensure
(24). Thus, we can formulate an approximate sufficient con-
dition for the planar front solution to be unstable with
respect to transversal perturbations as:

1þ jdj\ a\ 1þ
ffiffiffi
2

p
: (26)

Note, that the lower a-boundary predicted by condition (26)
exceeds that, predicted by condition (6). Existence of the upper
a-boundary predicted by condition (26) is related with approxi-
mations used to estimate a domain of negative G.

Numerical Simulations

We present here the ‘‘ideal’’ (steady in a moving frame)
1D front, the LSA of the 1D solution with respect to trans-

versal perturbations and simulations of the 2D model. The
two-dimensional system is a thin annular cylindrical reactor
with variation in the flow (axial) and in the azimuthal direc-
tions, whereas changes in the radial direction are ignored.

Numerical PDE simulations were conducted for a range of
parameters corresponding to upstream propagating fronts fol-
lowing conditions (6) and (24). We use an implicit finite-dif-
ference scheme based on an approximate factorization in a
moving frame with periodic (each 100 time steps) turning of
the front velocity. The 1D simulations were conducted with
L ¼ 0.45 using a grid with equally spaced 721z points (Df ¼
6.25 � 10�4) with the time step Ds ¼ 0.001 � 0.02. The 2D
cylindrical shell simulations were conducted with R ¼
0�0.03 using a grid with 721z � 101/ points whereas the
convergence was verified on a finer grid.

Predicting the transversal instability

Planar Fronts. 1D system (12, 13) exhibits upstream
propagating fronts of the shape shown in Figure 1a; the ratio
of the maximal to adiabatic temperature rise is ym/B \ 1,
following relation (1). With increasing PeC, the maximal
temperature gradually decreases whereas the front velocity
increases (by absolute value) tending to the corresponding
asymptotic values with PeC ! 1 (Figure 2). Approximation
(5) allows to capture these tendencies. The agreement
improves for large PeC-values, whereas for low PeC �

Figure 2. Effect of the mass Peclet number (PeC) on
the dimensionless temperature rise (ym/B, a,
c) and the velocity (Vf, b, d) of a planar front.

Solid and dashed lines mark numerical simulations (Eqs. 12
and 13) and approximate characteristics (Eqs. 1 and 5),
respectively. Da ¼ 10�6, PeT ¼ 100, Le ¼ 100; (B, c):
[(100, 50), set 1, plates a, b] and [(200, 30), set 2, plates c,
d]. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 1. Typical temperature profile in a planar front (a)
and a typical 2D ‘‘frozen’’ one-wave pattern
showing a snapshot of the temperature on a
f-fragment of an unfolded cylindrical shell.

Zmn and Zmx mark the minimal and the maximal axial front
positions, respectively, /mx is the angular coordinate corre-
sponding to Zmx. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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O(PeT) the approximate parameters essentially underestimate
the corresponding exact (simulated) values (Figure 2).

Dispersion Relations. Numerical solutions of the eigen-
value matrix problem (15, 16) with preliminary calculated
1D profiles revealed domains of real positive eigenvalues (r)
predicting formation of stationary transversal patterns. Typi-
cal dispersion curves calculated for both sets of parameters
are shown in Figure 3. The planar front is unstable and
admits transversal perturbations within a sufficiently large
range of wave numbers k (or reactor radius R ¼ 1/k) if the
mass Peclet number PeC is less than the heat Peclet number
PeT (see curves with PeC ¼ 80 in both plates of Figure 3).
With increasing PeC, the range of unstable wave numbers
defined by its upper boundary (klim) gradually shrinks (Fig-
ure 4a,c). This is accompanied by monotonous decreasing of
the maximal growth rate rmx (Figure 4b,d) and the corre-
sponding wave number kmx.

We compare now (Table 1) the PeC-boundary of transver-
sally unstable fronts using the linear stability analysis
[(Pe�C)lin] with those calculated using criteria (6) and (24)
and referred to as (Pe�C)a and (Pe�C)Vf

, respectively. The for-
mer were found to be ^200 and ^172 for sets 1 and 2,
respectively. Figure 5 illustrates dependence of a and U cal-
culated using numerically obtained maximal temperature and
front velocities (ynumm ,Vnum

f ) as functions of PeC. The critical
numbers (Pe�C)Vf

predicted using condition (24) (Table 1) are
in a good agreement with that following from the linear

analysis. The critical (Pe�C)a following criterion (6), leads to
essential overestimation of the threshold values.

Complex r with positive real part were not detected
within the whole domain of parameters being considered and
suggesting that moving (rotating) patterns do not erase. Nu-
merical simulations reveal, however, their emergence far
from the LSA bifurcation.

Figure 3. Effect of the mass Peclet number (PeC) on
the dispersion curves showing the growth
rate (r) dependence on the spatial wave num-
ber (k) calculated with the set 1 (a) and set 2
(b) parameters (see Figure 2 caption), respec-
tively.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 4. Effect of the mass Peclet number (PeC) on
the limiting (klim, a, c, stars) and the maximal
(kmx, a, c, dots) wave numbers corresponding
to the maximal growth rate (rmx, b, d) calcu-
lated with set 1 (a, b) and set 2 (c, d) parame-
ters (see Figure 2).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 1. Critical Mass Peclet Numbers Calculated Either By
the Numerical LSA [(Pe�C)lin], or By Nonlinear Curvature
Analysis [Criterion (24), (Pe�C)vf ], or By an Approximate

LSA [Criterion (6), (Pe�C)a]

Critical Mass Peclet Number Set I Set II

(Pe�C)lin 200 172
(Pe�C)vf 200 (116) 190 (146)
(Pe�C)a 228 (133) 232 (180)

The two latter are calculated using numerically obtained maximal tempera-
ture and front velocity (ynumm and Vnum

f ). Critical parameters calculated with
approximate values (ym, Vf, Eqs. 1 and 5) are shown in brackets.
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2D cylindrical shell model

Direct numerical simulations of the 2D shell model aim to
verify the linear stability analysis (LSA) predictions of the
previous section. We map bifurcation diagrams showing
domains of different modes using the shell radius as the
bifurcation parameter.

To put our results in perspective we review pertinent
results from literature. Effect of the system width (S) in the
direction normal to the front propagation was studied with
cubic nonlinearity using both the LSA and direct simulations
in a 2D domain with no-flux BC in the transversal direc-
tion.16 The authors revealed the existence of stable one-wave
and two-wave patterns within certain sub-domains of S.
With increasing S further the two-wave patterns lost stability
via a supercritical Hopf bifurcation and became oscillatory;
various periodic behavior windows were detected including
blowup of the period-doubling cascade within certain range
of S before a stable three-wave pattern is established. Similar
behavior was detected in the gap between the stable three-
and four-wave solutions. The corresponding 2D simulations
of large planar domains revealed continuous movement of
the local extrema of the front position toward the boundaries
followed by their arrest and subsequent sharp changes of the
wave structure.16 Using the cylindrical shell model we have
recently found for the same kinetics34 formation of multi-
wave ‘‘frozen’’ patterns within appropriate subdomains and
rotating waves in the gaps between them for both RDA and
RD systems. We extend this study in the present article.

In the present work on the 2D thin cylindrical shell model
we found two types of patterns: Propagating transversal
fronts ‘‘frozen’’ in an axially moving coordinate and rotating
– propagating (i.e., spinning in a laboratory frame) fronts.
Simulations were conducted with initial conditions (IC) cor-
responding to the 1D planar front solutions slightly perturbed

in the vicinity of the front. Once a branch of pattern states
was obtained for a certain R-domain, it was tracked by grad-
ually increasing/decreasing R.

Nonrotating Patterns. Propagating fronts with a one- and
two-wave shape that are ‘‘frozen’’ in a moving, (f,/)-frame
were simulated for both sets of parameters in Figure 2. To
characterize the sustained patterns we traced the front posi-
tion [Zf(/,s) ¼ f (/,s)], defined as the axial coordinate cor-
responding to a fixed concentration value (x ¼ 0.5). Bifurca-
tion diagrams showing (Figure 6) the dependence on R of
the longitudinal amplitude of the curvilinear front [DZf(t),
defined as the difference between the maximal and minimal
front positions, Figure 1b] exhibit three domains: one-wave,
rotating, and two-wave fronts. To simplify the analysis, we
introduced an effective wave number kef ¼ 1/(R/m), where m
¼ 1,2 is the number of transversal waves. The rescaled dia-
grams plotted in Figures 7 and 8 show that the parameters of
the one- and two-wave solutions as functions of kef practi-
cally coincide: The upper kef boundary of each m-wave sub-
domain is close to the limiting value klim predicted by the
linear stability analysis conducted in the previous section.
The lower kef boundary is approximately equal to 0.5klim,
which, in turn, corresponds to the upper kef limit of the next
(m þ 1)-wave pattern (this was verified for m ¼ 1–3, but we
did not attempt to trace the three-wave branch further). The
amplitudes of the fronts (Figures 7a and 8a) reach the maxi-
mal value within the appropriate domains 0.5klim \ kef \
klim and gradually decrease toward the boundaries. The axial
front velocities (Figures 7b and 8b) also exhibit nonmono-
tonic behavior and tend to the corresponding planar front
solutions at the edges.

Figure 5. Effect of the mass Peclet number (PeC) on
the critical parameters that define the trans-
versal instability of a planar front, a (a, Eq. 6),
and U (b, Eq. 24) for set 1 (solid lines) and set
2 (dashed lines) parameters.

Dotted lines mark the bifurcation conditions a ¼ 1 (a) and
U ¼ 0 (b). [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

Figure 6. Bifurcation diagram showing the amplitude
(DZf) of stationary one-wave (triangulars), sta-
tionary two-wave (dots), and rotating one-
wave (stars) solutions as functions of the
shell radius (R).

PeC ¼150 (a) and 100 (b). The other parameters of set 1.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Spinning Fronts. Rigid rotating one-wave patterns can
emerge in the gap between the ‘‘frozen’’ one- and two-wave
solutions. The hot spot behind the convex parts of the fronts
rotates and propagates upstream at two different constant
velocities (in a laboratory coordinate) forming a spinning

motion. Such patterns were obtained for set 1 parameters
with PeC ¼ 100, 150 (Figure 7) and for set 2 parameters
with PeC ¼ 100 (Figure 8). The rotating front solutions in
the middle part of the domain do not depend on the initial
conditions, whereas close to the boundaries we found rela-
tively narrow subdomains of coexisting multiple solutions,
with their choice depending on IC.

With decreasing R (increasing k), the rotating waves
evolve into the one-wave norotating solutions whereas the
rotation period exhibits a sharp increase (Figure 9) suggest-
ing a homoclinic bifurcation. With increasing R, rigid rotat-
ing patterns are transformed into a one-wave rotating–oscil-
lating pattern. Typical patterns of such a type is illustrated in
Figure 10, showing several equally timed front profiles on
the unfolded cylindrical shell in the (f,/) plane (a) and tem-
poral behavior of the front amplitude (b). The front becomes
nonfrozen in the rotating frame and its amplitude exhibits
clearly distinguished secondary oscillations (Figure 10b). At
the same time, rotation characterized by the angular coordi-
nate of the maximal axial front position (/ ¼ /mx, see Fig-
ure 1b) occurs at a practically constant angular velocity (Fig-
ure 10c), as for rigid rotation. For the case shown in Figure
10, the period of ‘‘secondary’’ oscillations and the rotation
period are related approximately as 1:3.5.

Complex Patterns. For even larger R, we find increasing
amplitude of the secondary oscillations and formation of
rotating patterns with periodic alternation of the one-wave
and two-wave structures. Typical transient process leading to
formation of complex patterns, using a regular one-wave
rotating wave as initial conditions is shown in Figure 11.
The initially linear temporal profile /mx(s) becomes wavy
and is gradually transformed into a four step-wise structure
(we traced the largest maximum). Such patterns are unstable

Figure 7. Bifurcation diagram showing the amplitude of
transversal patterns (DZf, a) and the axial
front velocity (Vf, b) as functions of the effec-
tive wave number kef.

Crosses mark the limiting points predicted by the linear sta-
bility analysis. PeC ¼150 (1) and 100 (2). The other param-
eters of set 1. Dashed lines in (b) show the planar front
velocities. The other notations as in Figure 6. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Figure 8. Bifurcation diagram showing the amplitude of
transversal patterns (DZf, a) and the axial
front velocity (Vf, b) as functions of the effec-
tive wave number kef.

Crosses mark the limiting points predicted by the linear sta-
bility analysis. PeC ¼150 (1) and 100 (2). The other param-
eters of set 2. Notations as in Figure 7. [Color figure can be
viewed in the online issue, which is available at wileyonline
library.com.]

Figure 9. Period of rigid one-wave rotating patterns (P)
as a function of the effective wave number
kef for set 1 (a) and set 2 (b) parameters.

PeC ¼150 (1) and 100 (2). [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]
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and with increasing time converge into nonrotating patterns
with periodic (one $ two)- wave switching.

Typical complex nonrotating pattern is illustrated in Fig-
ure 12 showing one period of the front transformation (in
this figure we use an auxiliary axial coordinate
~f ¼ n� 0:9hVfis to shift the front profiles calculated in a
frame moving with the average front velocity hVfi). At the
initial stage (1), the pattern exhibits an asymmetric one-wave
front with a narrow concave (in the flow direction) part with
/mx ^ 0.3p and a wide convex part. With increasing time,
the central section of the convex part is retarded and the sec-
ond valley is formed at /mx ^ 1.3p. Thus, the two-wave
pattern emerges during the phase 2. This pattern is asymmet-
ric as well and with increasing time the largest convex part
is retarded, whereas both valleys merge forming a single

new valley at /mx ^ 0.8p. Thus, at stage 3 the pattern
exhibits a one-wave structure shifted with respect to the such
one of the stage 1 by p/2 . This process is accompanied by
oscillatory behavior of the front amplitude (Figure 12b): It

Figure 10. Typical rotating–oscillating one-wave pat-
tern showing several equally timed front
profiles on the unfolded cylindrical shell (a),
temporal behavior of the front amplitude
(DZf, b), and the angular coordinate of the
maximal axial front position (/mx, c).

Dashed lines in plate a mark the minimal and the maximal
front positions. PeC ¼ 150, R ¼ 0.0185, other parameters
as of set 1. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Figure 11. Typical transformation of a one-wave rotating
pattern into a complex rotating pattern upon
increasing the shell radius showing the tem-
poral behavior of the angular coordinate of
the maximal axial front position (/mx).

PeC ¼ 150, R ¼ 0.0186, the other parameters of set 1.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Typical complex nonrotating pattern with a
periodic (1 $ 2)-wave transformation show-
ing (a) the equally timed (Ds 5 8.5) front pro-
files on the unfolded cylindrical shell during
one period of oscillation and (b) the tempo-
ral profile of the front amplitude DZf.

Odd and even numbered intervals correspond to a one-
and two-wave patterns, respectively. Triangulars and dots
in plate (a) mark the angular coordinate of the maximal
axial front position of one-wave and two-wave patterns.
PeC ¼ 100, R ¼ 0.0143, period of oscillations P ^ 340,
the other parameters of set 2. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.
com.]
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reaches the maximal value during the one-wave stage and
sharply decreases during the two-wave stage. The (one $
two)-wave switching is repeated four times forming a strictly
periodic pattern.

With increasing R further, complex patterns with aperiodic
alternation of the one-wave and two-wave structures emerge
which are finally (with R ^ 2/klim) transformed into a frozen
two-wave pattern.

Concluding Remarks

In the present work, we obtained a new criterion for trans-
versal instability of planar fronts in reaction-diffusion-advec-
tion system with a first-order activated kinetics based on the
dependence of the front velocity (Vf) on its local curvature
(K), using a bifurcation condition dVf/dK|K¼0 ¼ 0 . The
derived condition (24) can be satisfied if the ratio of the
mass to heat dispersivities do not exceed certain critical
value, which agrees with our previous results.24

The obtained criterion was verified by the linear stability
analysis and by direct two-dimensional simulations of the
cylindrical shell model showing a very good agreement of
the bifurcation value of the mass Peclet number when
numerically calculated values (ym,Vf) are used in Eq. 24.
Using approximate values of the maximal temperature and
the front velocity for calculations of the critical PeC leads to
essential underestimation of this parameter. To explain this
result note that the approximate relations for the front veloc-
ity accounting for the curvature effect are derived assuming
a relatively small mass dispersion. This yields good agree-
ment with PeC/PeT � 1 (Figure 2), but transversal instability
emerges with the ratio PeC/PeT around unity.

The engineering implications of this work are the follow-
ing:

(i) Transversal patterns cannot emerge for the present
kinetics in stationary fronts; this is the first rigorous proof of
this property for a PBR.
(ii) Transversal patterns can emerge, even if PeC ¼ PeT,

in a front moving upstream, provided that the bed diameter
is sufficiently large. The minimal required diameter can be
predicted by the LSA (Figure 4). The domain of operating
conditions shrinks with decreasing PeT/PeC. As in practice
this value varies significantly we cannot make more definite
claims.
(iii) These conclusions should be reconsidered for other

kinetics. Although we expect similar conclusions for nth
order reaction, micro-kinetic bistable model, as in CO oxida-
tion, may induce stationary patterns for PeC ¼ PeT or even35

with PeC ¼ 0. Similar conclusions apply for oscillatory
kinetics.36,37

(iv) The criterion derived here applies for 3D fixed beds,
as we will verify elsewhere by numerical simulations. The
linear stability analysis of a 3D model and a cylindrical shell
model with respect to transversal perturbations of the form
of eigenfunctions [Jk(lknr)exp(ik/) where Jk is the Bessel
function of the first kind, lkn are the transversal eigenvalues
which are defined by boundary conditions dJk(lknr)|r¼0 ¼
025–27] is similar to that of the 2D shell model. Thus, the
LSA of the (kn)-mode of the 3D model completely coincides
with that of the k-mode in the 2D shell model under condi-
tion lkn ¼ k2D.

(v) With increasing R, we expect to find a complex behav-
ior similar to that observed on a plane with the Neumann
BC16 in the transversal direction.
(vi) Although the Lewis number in gas phase catalytic sys-

tems is O(103), compared with Le ¼ 100 used here to sim-
plify construction of the neutral stability curves (the accu-
racy of the eigenvalue calculations crucially decreases with
increasing Le), we expect to find similar patterns for higher
Le-values. The results vary qualitatively only for small Le �
O(1).

The nonlinear-dynamics novelty of this work lies in the
simulations of rotating–propagating (spinning) fronts and the
structure of operating domains: Beyond the bifurcation
threshold we defined in 2D cylindrical shell simulations,
sub-domains of stable one- and two-wave frozen (in a mov-
ing frame) nonrotating patterns using the shell radius as a
bifurcation parameter. The boundaries of these subdomains
are in a good agreement with the linear stability analysis
results.

Rotating one-wave patterns are shown to emerge in the
gap between the one- and two-wave (f, /)-‘‘frozen’’ solu-
tions. Similarly, two-wave rotating patterns can be obtained
in the next gap between the two- and three-wave solutions.
Such patterns can not be predicted by linear stability analysis
of the 1D planar front solution. Nevertheless, similar struc-
ture of the oscillatory domain (with rotating waves in the
gaps of ‘‘frozen’’ multi-wave solutions) was detected
recently by us34 in the reaction-diffusion (RD) system with a
cubic nonlinearity. We have shown34 that rotating structures
emerge in the cylindrical shell model due to periodic bound-
ary conditions and are arrested if the Neumann BC are
applied in the transversal direction (in agreement with the
previous studies16). Similar verification conducted with the
RDA model completely approved this observation.

Note, rotating patterns emerge in relatively narrow subdo-
mains which appear to shrink as the bifurcation point follow-
ing criterion (24) is approached. For example, we obtained
rotating waves with the set 2 parameters and PeC ¼ 100,
while with the same parameters and PeC ¼ 150 such patterns
were not detected.

The obtained results allow to get certain insight into pattern
formation in the realistic 3D models: Although the shell geom-
etry eliminates the radial gradients, it can be applied to predict
the patterns in the 3D case of the form of transversal eigen-
functions Jk(lknr)exp(iky) which account for both radial and
azimuthal gradients [see item (iv) above]. We expect to find
(kn)-patterns in the 3D model within domain of radii (R3D)
rescaled from the first (one-wave) mode domain of the 2D
model (R2D) by R3D ¼lknR

2D at least close to the bifurcation
point, and the similar bifurcation structure of the instability do-
main in the parametric space. This was confirmed by compari-
son of the direct numerical simulations of the 2D shell and the
full 3D model for the case of oscillatory kinetics.38

Finally, we note that the obtained rotating, as well as axi-
ally-‘‘frozen,’’ patterns were found to emerge in two-variable
bistable systems that exhibit ideal fronts in a 1D case, if the
ratio of the diffusivities of the inhibitor to the activator
exceeds certain critical values. This is contrary to the rotat-
ing and nonrotating oscillating patterns in the case of oscilla-
tory kinetics which can emerge37,38 with PeC � PeT, as well
as the contrary to spinning mode of gasless combustion
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(self-propagating high-temperature synthesis),39,40 which was
revealed for a completely nondiffusive inhibitor under ki-
netic and thermodynamic conditions corresponding to unsta-
ble 1D front propagation.41,42
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Notation

A ¼ rate constant
B ¼ dimensionless exothermicity
cp ¼ volume-specific heat capacity
Ck ¼ key component concentration
C ¼ parameter defined by Eq. 25
Cp ¼ heat capacity
D ¼ dispersion coefficient
Da ¼ Damkohler number
Ea ¼ activation energy
E ¼ function defined by Eq. 4
f ¼ function defined by Eq. 10
F ¼ function defined by Eq. 4
~F ¼ function defined by Eq. 22
g ¼ auxiliary function defined in Appendix A
G ¼ parameter defined by Eq. 25

DH ¼ reaction enthalpy
k ¼ perturbation wave number
ke ¼ effective conductivity
K ¼ curvature
L ¼ reactor length
Le ¼ Lewis number

PeT,PeC ¼ Peclet numbers of heat- and mass dispersion
p, q ¼ auxiliary functions defined in Appendix A
R ¼ reactor radii
t ¼ time
T ¼ temperature
u ¼ fluid velocities
Vf ¼ front velocity
w ¼ auxiliary variable defined in Appendix A
x ¼ conversion
y ¼ dimensionless temperature
Z ¼ front position

Greek letters

a ¼ parameter defined by Eq. 5
b ¼ parameter defined by Eq. 4
c ¼ dimensionless activation energy
d ¼ parameter defined by Eq. 25
e ¼ porosity

n, f ¼ dimensionless axial coordinate
q ¼ density
/ ¼ angular coordinate
U ¼ parameter defined by Eq. 24
r ¼ perturbation growth rate
s ¼ dimensionless time

Subscripts

ad ¼ adiabatic
e, ef ¼ effective value

f ¼ fluid
in ¼ at the inlet
m ¼ maximal
C ¼ mass
T ¼ temperature
0 ¼ reference value
\ ¼ transversal

Superscripts

lim ¼ limiting
num ¼ numerical

* ¼ threshold
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Appendix A: Curvature-Dependence of Front
Characteristics

Differentiation of Eq. 18 with respect to f yields:

ð1� Vf � K=PeCÞx00 � 1

PeC
x000 ¼ �x0f ðyÞ þ ð1� xÞf 0yy0 (A1)

With account for the function f(y) (10) we obtain

x00 ¼ 1

1� Vf � K=PeC
�x0f ðyÞ þ ð1� xÞf

ð1þ y=cÞ2 y
0

" #

þ 1

ð1� Vf � K=PeCÞPeC x
000 (A2)

After substituting Eq. A2 into Eq. 18 while neglecting
terms of O(1/Pe2C) we find:

x0 ð1� Vf � K=PeCÞ þ f ðyÞ
PeCð1� Vf � K=PeCÞ

� �

� y0
ð1� xÞf ðyÞ

PeCð1� Vf � K=PeCÞð1þ y=cÞ2 ¼ ð1� xÞf ðyÞ ðA3Þ

Integrating of Eq. 20 while accounting for the first of rela-
tions (21) results

B

PeC
x0 � 1

PeT
y0 ¼ B 1� Vf � K=PeCð Þ x� y

ym

� �
(A4)

Equations A3 and A4 form a linear algebraic system with
respect to derivatives x0, y0 yielding

x0 � ð1� xÞf ðyÞ
PeT

1� Bðx� y=ymÞ
PeC=PeTð1þ y=cÞ2

" #
(A5)

y0 � �Bð1� Vf � K=PeCÞ2ðx� y=ymÞ

� 1þ f

PeCð1� Vf � K=PeCÞ2
1� 1� x

x� y=ym

� �" #
(A6)

Dividing Eq. A5 by Eq. A6 we obtain a single first-order
equation, which after introducing a new variable w ¼ y/ym
can be written in the following form:

dx

dw
¼ pðwÞgðw; xÞqðw; xÞ (A7)

where

pðwÞ ¼ ymf ðymwÞ
BPeTð1� Vf � K=PeCÞ2

; gðw; xÞ ¼ 1� x

w� x
;

qðw; xÞ ¼
1� Bðx�wÞ

PeC=PeTð1þymw=cÞ2

1þ apðwÞ½1þ gðw; xÞ� ; a ¼ BPeT
ymPeC

(A8)

The appropriate BC’s are:

w ¼ 0; x ¼ 0; w ¼ 1; x ¼ 1: (A9)

For the limiting K ! 0 case system (A7–A9) is reduced to a
problem statement considered previously in Reference 34.
We will briefly describe the following steps. Function g(w,

x) has a singularity if (x, w) ! 1, however, the limits of
g(w,x) and dx/dw are finite:

lim
w;x!1

x0w ¼ pð1Þ �x0w
ð1� x0wÞ

1

1þ apð1Þð1þ �x0w
1�x0w

Þ

Thus,

x0w ¼ 1þ pð1Þ þ apð1Þ
1þ 2apð1Þ (A10)

Now, according to the narrow reaction zone assumption,
we can estimate all functions in the RHS of Eq. A7 around
w ¼ 1: For the function g(w,x) we have:

gðw; xÞ ¼ 1� x

w� x
’ x0w

x0w � 1
¼ 1þ pð1Þð1þ aÞ

pð1Þð1� aÞ
or, since p(1) �1,

gðw; xÞ ¼ 1þ a
1� a

¼ constðwÞ (A11)

Note, that singularity in g(w, x) with a ! 1 will be bal-
anced by function q(w, x): Consider the correction function
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q(w, x, PeC) (A8) around w ¼ 1, while neglecting the term
proportional to (x � w) in the numerator:

qðw; xÞ ’ 1

1þ apðwÞ½1þ 1þa
1�a�

¼ 1� a
1� aþ 2apð1Þ (A12)

Substituting Eqs. A11 and A12 into Eq. A7 we obtain:

dx

dw
¼ ð1þ aÞpðwÞ

1� aþ 2apðwÞ (A13)

Integrating this equation we have:

1

1þ a
¼

Z 1

0

pðwÞ
1� aþ 2apðwÞdw (A14)

Estimating the power of the exponent in p(w) around
w ¼ 1:

ymw

1þ ymw=c
’ ym
1þ ym=c

þ bðw� 1Þ; b¼ ym

ð1þ ym=cÞ2
(A15)

we obtain

exp
ymw

1þ ymw=c

� �
’ EðymÞ exp½bðw� 1Þ�;

and

pðwÞ ’ ~Fðym;Vf ;KÞEðymÞ exp½bðw� 1Þ� (A16)

where

~Fðym;Vf ;KÞ ¼ Daym

BPeTð1� Vf � K=PeCÞ2
;

EðymÞ ¼ exp
ym

1þ ym=c

� �
(A17)

Note, that function ~Fðym;Vf ;KÞ with K ¼ 0 is reduced to
function F(ym,Vf) which is used to define the parameters of a
planar front (5). Substituting Eq. A16 in Eq. A14 we get:

1

1þ a
¼ ~Fðym;Vf ;KÞEðymÞ

�
Z 1

0

exp½bðw� 1Þ�
1� aþ 2a ~Fðym;Vf ;KÞEðymÞ exp½bðw� 1Þ�dw (A18)

Introducing a new variable v ¼ exp[b(w � 1)], dv ¼
vbdw we obtain

1

1þ a
¼

~Fðym;Vf ;KÞEðymÞ
b

�
Z 1

vð0Þ

dv

1� aþ 2a ~Fðym;Vf ;KÞEðymÞv
¼ 1

2ab
log½1� aþ 2a ~Fðym;Vf ;KÞEðymÞv�j1vð0Þ ðA19Þ

Assuming that the value of the logarithm at the lower
limit is significantly less than that at the upper limit we
obtain

1

1þ a
¼ 1

2ab
log 1þ a 2 ~Fðym;Vf ;KÞEðymÞ � 1

� �� 	
(A20)

and with account for ~Fðym;Vf ;KÞEðymÞ � 1 we finally get

2ab
1þ a

¼ log 1þ 2a ~Fðym;Vf ;KÞEðymÞ
� �

(A21)

Appendix B: Bifurcation Condition

After differentiation of the latter of relations (21) with
respect to K we obtain (below the prime denotes derivatives
with respect to K at K ¼ 0):

dVf

dK







K¼0

¼ y0mBðLe�1ÞþðLeym�BÞymða�1Þ=PeT
ðLeym�BÞ2 ; (B1)

To simplify the following rearrangement we use the fol-
lowing auxiliary relations [the arguments of functions F(ym,
Vf) and E(ym) are skipped]:

a0 ¼ �a
y0m
ym

; b0 ¼ by0m
1� ym=c

ymð1þ ym=cÞ ; E0 ¼ Eb
y0m
ym

;

~F0ðym;Vf ;KÞjK¼0 ¼ Fðym;VfÞ y0m
ym

þ 2
V0
f þ 1=PeC
1� Vf

� �

Accounting for these relations the derivative of the LHS
of Eq. 22 is

LHS0 ¼ 2
ða0bþ ab0Þð1þ aÞ � aba0

ð1þ aÞ2

¼ 2ab

ð1þ aÞ2
y0m
ym

�1þ ð1þ aÞ 1� ym=c
1þ ym=c

� �
(B2)

For RHS of Eq. 22 we have:

RHS0 ¼ 2

1þ 2aFE
ða0FEþ aF0Eþ aFE0Þ

¼ 2aFE
1þ 2aFE

� y0m
ym

þ y0m
ym

þ 2
V0
f þ 1=PeC
1� Vf

þ b
y0m
ym

� �
ðB3Þ

Combining Eqs. B2 and B3 we obtain:

b
y0m
ym

� 1

ð1þ aÞ2 þ
1� ym=c

ð1þ aÞð1þ ym=cÞ �
FE

1þ 2aFE

" #

¼ 2FE

ð1þ 2aFEÞ
V0
f þ 1=PeC
1� Vf

(B4)

Following relations (21)

1� Vf jK¼0 ¼
ymðLe� 1Þ
Leym � B

Substituting the latter into Eq. B4 we obtain

y0m ¼ 2FE

ð1þ 2aFEÞ
ðLeym � BÞ
ðLe� 1Þ

ðV0
f þ 1=PeCÞ

Cb
(B5)
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where

C ¼ � 1

ð1þ aÞ2 þ
1� ym=c

ð1þ aÞð1þ ym=cÞ �
FE

1þ 2aFE
(B6)

Substituting Eq. B5 into Eq. B1 we get

V0
fðG� 1Þ ¼ ð1� aÞym

PeTðLeym � BÞ �
G

PeC
where

G ¼ 2Fðym;VfÞEðymÞB
ð1þ 2aFðym;VfÞEðymÞÞðLeym � BÞCb

Thus, the necessary condition of the transversal instability
is:

C� ¼ 1

G� 1

ð1� aÞym
PeTðLeym � BÞ �

G

PeC

� �
> 0 (B7)

or

U ¼ 1

G� 1
ð1� d� aÞ > 0; d ¼ G

PeTðLeym � BÞ
PeCym

(B8)

Recall that Leym � B [ 0 following conditions (2) and so
sgn(d) and sgn(C) coincide.
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